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Abstract

Various properties of 3D shape are
concentrated at medial locations and can be
measured efficiently and robustly using
populations of medial primitives that we call
core atoms. These primitives are based on a
graded measurement of medialness with
scaled apertures. Analysis of them yields a
medial cloud called acore. Thelocal scale,
orientation, and dimensionality of a core
constitute fundamental properties of an
object's shape. A core with local
dimensionality of zero, one, or two
corresponds respectively to aloca shape of
sphere, cylinder, or slab, with non-integer
dimensionality possible between these
extremes.

A core atom consists of a pair of
boundary points that face each other, and a
center point midway between the boundary
points. Core atom populations are grouped
by their center points into bins on a 3D
rectilinear grid. Each population provides a
cloud-like sampling, or coronal density, from
which the underlying regional object shape
can be analyzed. This method of analysisis
demonstrated here using computer generated
test objects and Real Time 3D (RT3D)
ultrasound scans of in vivo and in vitro
targets.

Medial Primitive Populations as a
Generalization of Skeletons

The lineage of the core atom may be
traced to the medial axis (otherwise known as
symmetric axis or skeleton) introduced on
binary images by Blum and developed by
Nagel, Nackman, and others[1-3]. Pizer has
extended the medial axisto gray-scale images
producing a graded measure called
medialness, which links the aperture of the
boundary measurement to the radius of the
medial axisto produce what has been labeled

acore[4, 5]. Methods involving medialness
and cores have proven particularly robust
against noise and variation in target shape
[6]. Determining locations with high
medialness and relating them to a core has
been accomplished by analyzing the geometry
of loci resulting from ridge extraction [7].
Models including medialness have also
provided the framework for a class of active
shape models known as Deformable Shape
Loci [8].

The objective of the work reported hereis
to build on these ideas to produce a method
for analyzing the shape of the heart in Real
Time 3D ultrasound, a new imaging modality
that uses a matrix array of transducers
elements to scan the moving heart in 3D at
more than 20 frames/second [9]. The
approach to analyzing this data aims to extract
the scale, orientation and dimensionality
(shape type) of sections of cardiac anatomy
by statistical analysis of populations of
medial primitives. In particular, the
primitives are identified by first searching for
individual boundary points throughout the
image in an initial sweep, and then by
matching pairs of boundary points to form
what are called core atoms. Core atoms tend
to cluster along a medial ridge and allow for
statistical analysis of the core and its
underlying figure. Core atoms have already
been devel oped for analysis of 2D shape [10]
and are generalized hereto 3D. The analysis
is also extended to spatially sampled
populations of core atoms.

M ethods

What is a Core Atom?

A core atom is defined as two boundary
points b, and b, that satisfy particular
requirements (described in detail below) that
guarantee the boundaries face each other. A
core atom can be represented by a single



vector ¢,, from the first boundary point to

the second. The core atom is said to be
"located" at a center point midway between
the boundary points (see Fig. 1). The
medialness at the center point is high because
the boundariness at both boundary pointsis
high and because the boundary points face
each other. Core atoms carry orientation,
width and position, providing the ability for
populations of core atoms to be analyzed in
these terms.

center
point
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Fig. 1. A core atom consists of two
boundary points that face each other across
an acceptable distance, and a center point at

which the core atom is said to be located.

Unlike medial models where object angle
(half the angle between the lines from the
center point to each respective boundary
point) is permitted to vary, the object angle of
acore aomisfixed at 90°. Core atoms thus
follow in the tradition of Brady [11]. Asin
Brady, the underlying figure is not required
to have parallel boundaries, since the
boundariness detectors are assumed to show
agraded response to boundary orientation.

In the experiments presented below,
boundariness is based on a Difference of
Gaussian (DOG) measurement of intensity
gradient, accomplished by repeated
application of binomial kernels. Other forms
of boundariness, such as those based on
texture analysis, would also be appropriate
for core atoms, provided an orientation is
established for the boundary.

For efficiency, boundariness vectors are
sampled on a rectilinear grid, and their
magnitude compared to athreshold to select a

population of boundary points b, at locations

X; with orientations n,. The strength
inherent to the statistics of populations is
meant to counteract the weaknesses of
thresholding. Core atoms are created from
this population by finding pairs of candidate

boundary points that satisfy the following
three criteria

(1) The magnitude of the core atom vector
C,,, i.e., the distance from one boundary
point to the other, must be between ¢, and
C

max *

Co =X =X Crin = Hcl,ZH < Crnax

The core atom vector can be oriented either
way since the order of the boundary pointsis
arbitrary.

(2) The boundary points must have sufficient
face-to-faceness F defined as

F(b,,b,) = f, [T,

where

f, = E\:1,2 i, f, = E\:2,1 i,
(The "A" denotes normalization, v =V/|[V||.)
Since f, and f, are normalized to lie
between +1 and -1, their product F must also
lie between +1 and -1. Vauesfor F near +1
occur when the boundaries face towards (or

away from) each other across the distance
between them. A threshold for acceptable

face-to-facenessis set within some error &,
F(by,b,) >1-¢;

(3) Assuming F(b,,b,) >0, it follows that
f, and f, are both positive, or both negative.
Thesign of f, (or f,)iscaled the polarity.
The appropriate polarity is either + or -
depending on whether the expected target is
lighter or darker than the background.

Although at first glance the search for
pairs of boundary points appears to be

O(nz), hashing individual boundary points
beforehand by location yields a large
reduction in computation time. The search

area for the second boundary point(s) is
limited to a solid sector surrounding the



orientation n, of the first boundary point, and
to arange between c,,and c.,. The width
of the sector dependson &, (see Fig. 2.)

Fig. 2. The search areafor the second
boundary point (gray) is constrained by n,,
C..,» and c_,. Theactual search areais 3D.
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Three Basic Configurations:
Sphere, Cylinder, and Slab

Observe that collections of core atoms can
group in three basic ways corresponding to
the fundamental geometric shapes shown
Fig. 3. The objects are shown in dark gray
with their corresponding cores shown in light
gray. Beneath each object is the population
of core atoms that would be expected to form
with such objects, the core atoms being
depicted as simple line segments.

The sphere generates a"Koosh ball” like
cloud of core atoms with spherical symmetry,
with the core atom centers clustered at the
center of the sphere.  The cylinder generates
a "spokes-of-a-wheel” arrangement with
radial symmetry along the axis of the
cylinder, and the core atom centers clustered
along the axis of the cylinder. The slab
results in a "bed-of-nails" configuration
across the slab, with core atom centers
clustered along a plane in the middle of the
dlab. It is satisfying to find that the cores of
these objects assume the most basic 3D
shapes of dl: the point, line, and plane.

cylinder slab

Fig. 3 - Three fundamental shapes (dark gray), corresponding cores (light gray), corresponding
core atom populations (line segments) and eigenvectors a,, a, and a,.



As shown in Fig. 3, a system of shape-
specific coordinate axes, namely a,, a,, and
a,, can be assigned in each case, athough
the axes are not all unique given the
symmetries involved. For example, in the
sab, &, and a, can rotate freely about a,.
Such a set of coordinate axes can be found
for any population of core atoms using
eigenanalysis, as will be shown below.
Furthermore, the extent to which any
empirically determined core atom population
resembles one of the three basic
configurations can aso be determined.

Given a population of m core atoms
¢, 1=123...m, the analysis of a core
atom population begins by separating each
core atom vector €, into its magnitude ¢ and

its orientation ¢,. We ignore, for the
moment, the location of the core atom. The
analysis of magnitude ¢, over a population of
core atoms is straightforward, yielding a
mean and standard deviation for the
measurement of width in the underlying
figure. The orientation ¢, of core atomsin a
population lend themselves to eigenanalysis,
yielding measures of dimensionality and
overall orientation for the population. We
develop the eigenanalysis here in n
dimensions, athough for the remainder of the
paper n will be 3.

Given the population of m vectorsin n
dimensions, it is possible to find an n-
dimensional vector 3, that is most orthogonal
to that population as a whole by minimizing
the sum of squares of the dot product

between aand eachindividua c,.

n A LN 2
zagmin=Yy (alt
a gél m;( )
The normalized sum then can be rewritten

a'Ca
where

m
CiCiT
1=1

C=

3|+

The C matrix is positive definite,
symmetric, and has a unit trace. Therefore,

its eigenvalues are positive and sum to 1, and
its eigenvectors are orthogonal. If the
eigenvalues of C are sorted

A <A, < ... <A, the corresponding
eigenvectors , . . . a, are the axes of a
coordinate system in which &, is the most
orthogonal to the population ¢, as a whole.
For example, it would be the axis of the
cylinder in Fig. 3. Furthermore, the
eigenanalyis guarantees that a, is the most
orthogonal to the population ¢, among those
directions that are already orthogonal to a,.
This process can be repeated until a,, is left

as the least orthogonal to the population ¢;,
representing a form of average orientation
for C.. Theaxes &, ... a, arethus ordered
from codimensional (orthogonal to the vector
set) to dimensional (collinear with the vector
set). In 3D, the codimensional space is that
of the core itself. That is, the space most
orthogonal to the core atoms is the point,
line, or plane of the core itself as shown in
Fig. 3.

The Lambda Triangle
Returning now to 3D, the previous
analysis yields three eigenvalues which
describe the dimensionality of the core.

A =20 A+A,+A,=1

An eigenvalue of zero means that the
corresponding eigenvector is perfectly

orthogonal to every core atom ¢,. Such is
the case for a, in the cylinder, and for both

a, and 3, in the slab. In the sphere none of
the eigenvectors are completely orthogonal to
the core atom population. Given the
symmetries of the three basic shapes, the
following elgenvalues result.

sphere cylinder slab
A =13 A =0 A, =0
A, =13 A, =12 A, =0
A, =1/3 A, =1/2 A,=1



Since A, is dependent on the other two, the
system may be viewed as having only two
independent variables, A, and A,. Because
of constraints already mentioned, possible
vauesfor A, and A, arelimited by

A, <A, and Azsl_}‘l

which define atriangular domain we call the
lambdatriangle. (SeeFig. 4)

The vertices of the lambda triangle
correspond to the three basic shapes in Fig.
3, with al possible eigenvalues falling within
thetriangle. A rather crude smplification of
dimensionality is possible by dividing the
triangle into three compartments to provide an
integer description of dimensionality.

Arbitrary thresholds of A,=0.2 and

A, =0.333 will be used to divide the triangle
into such areas of integer dimensionality to
clarify our experimental results. However, it
should be remembered that the underlying
dimensionality is not an integer or even a
single scalar, but rather two independent
scalars, A, and A, whose values are
constrained by the lambda triangle.

Spatial Sampling of Core Atom
Populations

We now return to the question of core
atom location, which we have so far ignored.
It is necessary somehow to incorporate
location into the analysis of core atoms to
allow for shapes whose core parameters vary
along the core. Sampling a small volume
provides a core atom population whose
eigenanalyis yields local parameters of the
core. The number of core atoms within a
sample volume can be thought of as the
density of the core at that location.

How do we choose an appropriate
sample volume? Using adjacent cubical
sample volumes on a rectilinear grid is
straightforward and independent of the data.
What size should each sample volume be?
Aswe shall see, the local distribution of core
atoms may have a significant cross section
and may not be uniform within it. To
preserve resolution, the sample volume may
need to be smaller than the cross section

1y
3
sphere
A
slab cylinder
1
Az 1 1
3 2

Fig. 4. The lambda triangle defines the
domain of possible eigenvalues.

of the detected core. Therefore it behooves
us to understand the relationship between a
given sample of core atoms and the location
of that sample within the cross section.

When a core is sampled off-center, it will
demonstrate a distortion in its dimensionality.
For example, the zero-dimensional core at the
center of a sphere will appear to be one-
dimensional (cylindrical) when sampled off
center, as shown in Fig. 5. The vector from
the theoretical core (center of the sphere) to
the center of the core atom density in the
sample volume is called the displacement
vector p (See Fig. 5C). The core atom
population within a sample volume may not
contain the entire thickness of the core, but
rather a sub-sampling of the core called a
coronal density. One can expect in genera to
be sampling coronal densities.

We can predict certain relationships to
exist between the distribution of core atoms
over the entire core and that of a sample
volume displaced from the center of the core.
The population of core atomswill be flattened
in a plane perpendicular to p, and thus
develop orthogonality to that direction. This
can be seen in Fig. 5, where the spherical
distribution of core atoms in 5B has been
flattened into acylindrical distribution in 5C.
The same effect in the case of the cylinder
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Fig. 5. A. spherical object. B. complete set of core atoms
C. cylindrical coronal density displaced by p

can be seen in Fig. 6, where, displaced off
the central axis of the cylinder by p, the
population of core atoms becomes slab-like
and orthogonal to p. One expects the
displacement vector to be one of the core's
eigenvectors at the closest point on the
theoretical core, because (1) the displacement
vector will be orthogonal to the core at that
point, and (2) the normal to the core is
always one of its eigenvectors. In 3D, the
core can have at most 2 dimensions and thus
will always have such a normal. At the
theoretical core, the eigenvalue in the

direction of the displacement should be 1/3

for a sphere, 1/2 for a cylinder, and 1 for a
slab. As one moves out along the
displacement vector, the corresponding
eigenvalue should drop towards zero as the
density develops orthogonality to p, except
in the case of the dab, in which the core atom
population can be expected to fall off rather
abruptly without significant flattening.

In the case of the cylinder, the core itself
has a definite axis, which is not true for either
the sphere or the slab. As can be seenin Fig.
6B and 6C, the core axis is preserved in the

coronal density, i.e., the slab-like density of
core atoms displaced by p preserves the
orthogonality to the axis of the cylinder that is
observed in the population as awhole. We
will test these expectations in the following
section.

Experimental Validation

This section reports on experiments to
validate the methods developed above by
applying them to three parametric test objects
with simple geometries. a sphere, a torus,
and a spherical shell. Thetorusisbasicaly a
cylinder of varied and known orientation, and
the spherical shell islikewise adab of varied
and known orientation. The methods were
also applied to RT3D ultrasound scans of a
fluid-filled balloon in awater tank and the left
ventricle (LV) of anin vivo human heart. The
balloon and the LV are both considered
roughly ellipsoidal. The goal of these
experiments is to test the general approach,
rather than measure its comparative accuracy
and robustness against other approaches.
Moreover, we only test our ability to

==

Fig. 6. A. cylindrical object. B. complete set of core atoms
C. dab-like corona density displaced by p



determine whether a local section of an
overall geometry is roughly spherical,
cylindrical, or dab-like. We expect later work
will put these together into aglobal anaysis.

Coronal Densities Displaced from
a Theoretical Core

For each test object (sphere, torus, and
hollow sphere, balloon and LV) the location,
scale, orientation, and dimensionality of a
theoretical core was calculated, and p was
derived for any test location (it being ssmply
the displacement from the nearest point on the
theoretical core to the test location). The
balloon and LV were assigned a cylindrical
axis by manual placement of end-points
within the data, and the selection of boundary
candidates was limited to an expected range
of distances from that axis. For the LV the
apex of the ventricle and the mitral valve
served as the end-points of the axis.

Densities of core atoms collected in a
rectilinear grid of sample volumes were
analyzed in terms of their agreement with the
theoretically correct value of diameter,
orientation, or dimensionality. Some of the
results are plotted in terms of the

displacement magnitude |jp| from the
theoretical core. Since it cannot be expected
that eigenanalysis of a coronal density will
yield an eigenvector whose orientation
exactly matches p as was predicted in the
previous section, a measure of angular error
&, is used to select that eigenvector which
best matches the displacement vector, this
eigenvector being called the displacement

eigenvector a,.
g, =arccoda, « .

a,=argming, =123

A

a.

For cylindrical cores, an axial eigenvector a,

was also chosen as being the closest
eigenvector to the theoretical axis of the core.

Experimental Results
A measurement of diameter was made for
each test object by averaging the diameter

from all densities whose integer
dimensionality matched that of its theoretical
core. Thus only spherical densities were
considered for the sphere, etc. Actual
diameters were known for the parametric test
objects, and roughly estimated by eye for the
balloon and LV, having no single definable
diameter. The results are shown in the
following table.

MEASUREMENT OF DIAMETER
object dim. actual measured

mean s.d.
sphere 0 70 69.20 0.08
torus 1 25 23.90 0.07
sph. shell 2 25 22.30 1.50
balloon (mm) 1 40* 35.10 4.60
LV (mm) 1 40* 42.50 8.90

* approximate, by eye

Eigenanalysis of the coronal densities
collected over a rectilinear grid of sample
volumes yielded the following results. Fig.
7 shows all densities containing greater than
1% of the entire core atom population plotted
on alambdatriangle. The sphere shows two
clusters, one near the top (sphere) vertex of
the triangle and another near the right
(cylinder) vertex, consistent with the
dimensional effects of the corona predicted in
Fig. 5. The torus, which is locally a
cylinder, shows clustering near the right
(cylinder) vertex, with some spreading
towards the left (slab) consistent with the
dimensional effects of the corona predicted in
Fig. 6. The spherical shell, which islocally
adlab, shows tight clustering at the left (dlab)
vertex consistent with the observation that
core atomsin aslab are collinear with p and
will therefore not develop significant
orthogonality.

The balloonand LV in Fig 7 each show a
more dispersed cluster of densities than the
parametric test objects. Their dimensionality
seems to be roughly between sphere and
cylinder, with the LV being somewhat more
cylindrical than the balloon, which is
consistent with their observed shapes.

Fig. 8-12 show the density (number of
core atoms) in each sample volume as a
function of displacement magnitude from
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Fig. 7 Coronal densities containing more than 1% of the total number of core atoms (see Fig. 4).

the theoretical core. Inal casesthedensity is
concentrated near the theoretical core (c.f.
diameters under each graph). Integer
dimensionality (0=0,x=1, + = 2)
behaves as expected in the sphere, torus and
spherical shell, clearly showing the predicted
distortion of dimensionality with
displacement in the first two cases. Again,
the slab shows no such distortion. For the
balloon and LV the results are less clear cut,
but still consistent with general expectations.
Fig. 13-15 show the eigenvalue
associated with the displacement eigenvector

ép as afunction of displacement. In all cases

(except a few aberrant points for the torus)
the eigenval ue behaves as expected, dropping
to zero with increasing displacement for the
sphere and torus, with the y-intercept roughly

consistent with 1/3 for the sphere,1/2 for a

cylinder, and1 for a slab. As expected, the
eigenvalue for the dlab does not drop off with
displacement.

Mean angular error €, over the sampled
densities (weighted by density) isreported in
Table 2. The displacement eigenvectors ép
of sample densities are oriented with high

accuracy for the sphere and the spherical
shell, while the torus shows high accuracy in

the dignment of the axial eigenvector a,. The
symmetry of the cylinder (torus) allows the
a,to rotate freely at the core. This may

explain the increased £, for the &, of the

torus as well as the aberrant points in Fig.
14. Results for the balloon and LV are
somewhat indeterminate.

MEAN ANGULAR ERROR &,
ap aa
sphere 6.1 -
torus 23.1 5.1
spherical shell 2.7
balloon 28 24.2
LV 21.5 29.7

Table 2. Mean angular error &, (in
degrees) for displacement eigenvector ép,
and axial eigenvector a, (cylinders only).
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15007 © dim =
X LV
X dim =
> 4
_(7)1000 + o
é dim =
500+ +
X X
X X + PN+ X
0 : X+ — X — XXy
0 2 4 6 8 10
displacement mm (aprox diameter = 40)
Fig 13
0.25 1 g
0-2__ t.(.»i Sphere
g
=0.15¢
=
o 0.1+
(@]
‘©
0.05+4 oS ®
) o o ®
0 : : * 4+ o |
0 5 10 15 20 25
displacement (sphere diameter = 70)
) Fig 14
Torus
0.8+ .
(]
()
=0.6¢
=
©0.4+
2
®0.24 o
e
0 ; } ; {o—o—eo—|—e00_ 0| 0p } o
0 1 2 3 4 5 6 7 8
displacement (torus little diameter = 25)
, Fig 15
1 Teo«co16%s o %, . ON .g @ o® o o * e
9087 Spherical Shell
0.6
©
20.41
(]
0.2+
0 f f i ; i
0 4 5

3
displacement (shell thickness = 25)

10




Conclusions

This paper establishes relationships
between coronal densities and the underlying
theoretical core using parametrically defined
objects with known cores of integer
dimensionality. It further demonstrates the
general feasibility of applying such
techniquesto real ultrasound data.

One potential use of this approach is to
generate ameasure of LV volume, heart wall
thickness, or other important anatomical
parameters. Another is to provide a robust
and efficient means of landmark
identification. Understanding the relationship
between a theoretical core and its coronal
densities may permit the design of algorithms
to optimize the fit of atheoretical core, which
could then be matched against a model for
automated identification of anatomical
landmarks.
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